The secondary back-iron plays important role in performance of single-sided linear induction motors (SLIMs). On one hand, it provides a return path for the primary flux; on the other hand, it is employed as a mechanical support for the secondary sheet. The conductivity of the iron used in the back-iron as well as its magnetic permeability influence the outputs of the machine, while the magnetic permeability itself is affected by the input frequency and secondary sheet thickness. In this paper, considering all phenomena involved in the SLIM, the output thrust is analytically derived. The normal force is also calculated by using Maxwell equations. Then, the effects of the input frequency and the secondary sheet thickness on the SLIM forces are analyzed. The motor is simulated using 2D finite element method. Comparing the finite element results with those obtained by analytical analysis confirms the analytical equations derived for the output thrust and the normal force.
Introduction
T he SLIMs can be employed in many applications such as conveyer systems, material handling and storage, airport baggage handling, and so on. Along with the mentioned applications, the SLIMs have drawn considerable attention in highspeed transportation systems [1] [2] [3] [4] . Many investigations have been done concerning the design of the SLIMs. In design, the primary weight [5] , the thrust and power to weight ratio [6] , primary winding arrangement [7] , [8] , the power factor and efficiency [9] [10] [11] and thrust in constant current [12] have been considered. To study the performance of the SLIMS, several equivalent circuit models have been proposed which facilitate their analysis [13] [14] [15] [16] [17] . There are special phenomena in linear motors that make them different from their rotary counterparts. Lee et al. have investigated the effect of the construction of the secondary on edge effect [18] . There are some researches which investigate the end effect in linear induction motors. Bazghaleh et al. have designed the SLIM considering end effect phenomenon [19] . In [20] the existence of the end effect has been confirmed by using analytical equations and defining end effect factor. Also, the effect of design parameters on the end effect have been investigated in [21] [22] [23] . The effect of the end effect phenomenon on the performance of SLIM is investigated * Corresponding author E-mail addresses: abbas shiri@iust.ac.ir (A. Shiri), mr alizadehp@iust.ac.ir (M.R. Alizadeh Pahlavani), shoulaie@iust.ac.ir (A. Shoulaie) in [24] .
In the SLIM having short primary and long secondary which consists of aluminum plate lying on a solid iron, the performance of the former is mainly influenced by magnetic properties of the used back-iron. The secondary back-iron plays important role in operation of the SLIM. Besides providing a mechanical support, it is used as magnetic flux pass produced by the primary. Changing the input frequency and the secondary sheet thickness change the saturation level of the back-iron and so, impress the performance of the motor. In this paper, to study the effect of the saturation level of the back-iron on the output thrust and the normal force of the SLIM, analytical equations for the forces are derived. All phenomena involved in the single-sided linear induction motor such as longitudinal end effect, iron saturation, transverse edge effect, and skin effect are considered in equations. To confirm the validity of the analytical analysis, as well as the obtained outputs, finite element method is employed and the results are compared.
Equivalent circuit model of SLIM
Similar to rotary induction motors, the performance of SLIM can be investigated by equivalent circuit model [13] [14] [15] [16] [17] . For the design of the SLIM shown in Fig. 1 , the equivalent circuit model proposed by Duncan is employed [13] . The per-phase equivalent circuit model of SLIM is shown in Fig. 2 . In this figure R 1 is the per-phase resistance of the primary which is calculated as follows:
In the above equation, σ w is the conductivity of the conductor used in the primary winding, l ec is the end connection length, W s is the primary width, N is the per-phase number of turns of the primary winding, and A w is the cross-sectional area of the conductor. The primary leakage reactance is given by [25, 26] 
where µ 0 is the permeability of the vacuum, p is the number of pole pairs, q is the number of the slots per pole per phase, ω 1 is the primary angular frequency, and λ s , λ e and λ d are the permeances of slot, the end connection and the differential, respectively. The per-phase magnetizing reactance of the motor is given by [25] 
where k w is the winding factor, τ is the pole pitch, and W se and g e are the equivalent primary width and the effective air-gap length, respectively, and are calculated by the following equations:
and
In the above equation, the following denotations and equations are hold: g m is the magnetic air-gap, k l is the air-gap leakage factor, k c is the Carter's coefficient, k tm is the magnetizing reactance factor due to edge effect, and k s is the secondary iron saturation factor. The mentioned coefficients are given as follows:
In the above equations, G is goodness factor of the motor, δ i is the depth of the field penetration in the secondary back-iron, and µ i is the secondary back-iron permeability which should be calculated using iterative algorithm [27] . For the calculation of the secondary resistance, the conductivity of the secondary sheet should be modified. The effect [25] 
in which
where δ s is the depth of field penetration in the secondary sheet which can be calculated by
In the above equation, f 1 is the primary supply frequency, τ is the motor pole pitch, and σ is the conductivity of the secondary sheet which is reduced by the factor k sk because of the skin effect due to finite plate thickness of the secondary. Besides the skin effect, the edge effect reduces the secondary conductivity by the factor k tr . If the latter factor and contribution of the secondary back-iron in conduction of the secondary current are taken into account, the effective conductivity is modified to
The primary referred secondary resistance is defined as [28] :
where G e is modified goodness factor of the motor which is given by [25] 
In secondary sheet linear induction motors, the secondary reactance can be neglected [29] . So, X 2 ≈ 0. Also, due to low value of the flux density in the air-gap, the core loss is negligible; so, R c ≈ 0. In Fig. 2 , Q is normalized motor length. The value of Q is obtained by the following equation [14] :
in which L s is the primary length, V r is the motor speed, L m is the magnetizing inductance, and L 2 is the secondary leakage inductance which is zero for secondary sheet motors.
Air-gap flux density is given by [25] 
where J m is the amplitude of the equivalent current sheet which is calculated as follows [25, 30] :
Considering the equivalent circuit in Fig. 2 and doing some mathematical calculations, the following equations for output thrust is derived:
In the above equation, R m is the magnetizing branch resistance in Duncan model which represents the power loss due to end effect and X m1 is the modified magnetizing reactance considering end effect which are calculated by the following equations:
Field analysis
In this section by using Maxwell equations, we derive the magnetic flux density in the air-gap. The Maxwell equations concerning magnetic fields in any material are given as [31] :
where H is the magnetic field intensity, B is the magnetic flux density, E is the electric field intensity, V is the material speed, and σ is the conductivity of the material. Regarding the zero value of the conductivity of the air-gap, (32) is reduced to
It is assumed that the equivalent current sheet has the following current distribution:
where J m is given by (28) . By using the appropriate boundary conditions and assuming the permeability of the primary iron to be infinity, x and y components of the air-gap magnetic flux density are derived as
The time average attractive normal force exerting on the secondary is given as follows:
and also repulsive force exerting on the secondary is
So, the net normal force acting on the secondary in y direction is calculated as follows:
Secondary back-iron saturation effects
The secondary back-iron plays important role in performance of the SLIM. On one hand, it is used as magnetic flux pass produced by the primary; on the other hand, it is a mechanical support for the secondary of the motor. For proper working of the SLIM, the magnetic field produced by the primary should penetrate in the secondary aluminum sheet as well as the secondary back-iron. Because of the low value of the relative permeability of the secondary conductor sheet, the field can easily penetrate in whole of it. However, the depth of the field penetration in the secondary back-iron is limited. The field can only penetrate in a limited thickness of the iron. Hence, the whole thickness of the secondary back-iron is not fully used as the magnetic flux pass. Thus, at some operating condition, due to high value of the flux density, saturation occurs in the back-iron and should be taken into account in calculations. The saturation factor is given in (17) where the iron relative permeability µ i should be determined. To do this, an iterative algorithm is employed. First, a proper value for the relative permeability µ i is assigned. Then, the saturation factor and the depth of the field penetration are calculated using (17) and (18) . Then, air-gap leakage factor k l , Carter's coefficient k c , and magnetizing reactance factor due to edge effect k tm are calculated using (7), (8) , and (10). Then, the effective air-gap length and the secondary modified effective conductivity are calculated using (5) and (23) . The air-gap flux density is calculated using (27) . If the distribution of the flux density through the back-iron takes exponential form, in depth x from the surface of the back-iron we have
where B is is the flux density on the secondary back-iron surface. By having air-gap flux density, B is is calculated using the following equation:
With the obtained flux density, and using the back-iron B − H curve, the relative permeability of the back-iron is calculated. Now, the relative permeability used in the previous calculation step is replaced by the calculated one. With the new obtained relative permeability, the calculations are repeated to obtain a desired convergence.
Analysis of the output thrust and the normal force
In this section, the input frequency and the secondary sheet thickness effects on the thrust and normal force of the SLIM are investigated. The specifications of the SLIM are shown in Table 1. As seen in SLIM equations presented in the previous sections, the frequency affects the performance of the motor. The output thrust and the normal force versus the input frequency are illustrated in Fig. 3 . As seen in this figure, by increasing the input frequency, both of the output thrust and normal force decrease. This is because of the increasing the input impedance and accordingly decreasing the input current and the air-gap flux density, as frequency increases (see Fig. 4 ). The relative permeability in Figs. 3 and 4 is obtained by iterative algorithm discussed in the previous section. Besides the input frequency, the secondary sheet thickness influences the saturation level of the secondary back-iron. Fig. 5 shows the SLIM output thrust and the normal force versus the secondary sheet thickness. It is seen that increasing the secondary sheet thickness decreases the normal force. This is because of decreasing the flux density in the air-gap (see Fig. 6 ). It is also seen in Fig. 5 that by increasing the secondary sheet thickness, the output thrust increases until it reaches a maximum value, then decreases. Fig. 7 illustrates the output thrust and the normal force exerted on the secondary of the motor versus frequency in different back-iron resistivities. The figure shows that by increasing the back-iron resistivity, the output thrust is decreased. It is because of increasing the equivalent secondary resistance by increasing the back-iron resistivity (see Fig. 8 ). Also, increasing the resistivity of the back-iron increases the normal force. For further clarity, the attractive and the repulsive normal force are separately drawn in Fig. 9 . As it is seen in this figure, the effect of the back-iron resistivity is negligible on the attractive force, while the absolute value of the repulsive normal force decreases by increasing the back-iron resistivity.
Finite element analysis
In this section, 2-D time-stepping finite element method (FEM) is employed to confirm the analytical results. The SLIM given in Table 1 is used in FEM simulations. In Fig. 10 the flux paths in the different parts of the SLIM is illustrated. The input frequency of the motor is 20 Hz. In order to investigate the effect of the frequency on the depth of the field penetration and the secondary back-iron, and also the forces of the SLIM, the simulations are done with input frequency of 20 and 200 Hz with constant input current. With input current being constant, only the effects of the input frequency changes are investigated. Figure 11 shows the flux density distribution results for f = 20 Hz, while in Fig. 12 , the flux density distribution results for f = 200 Hz are illustrated. As seen in Figs. 11 and 12, by increasing the input frequency, the depth of the field penetration is reduced and the flux can only penetrate into a limited thickness of the secondary back-iron. Also, the flux density is increased in those regions. To compare the analytical results with the results of the FEM, the simulations have been done in different input frequencies with constant input voltage of 220 V. The normal force and the output thrust are calculated using the FEM. The analytical calculation results are compared with FEM results in Table 2 . It is seen in this table that by increasing the input frequency, the normal force and the output thrust decrease. These behaviors have been deduced from Fig. 3 . It can be also seen that the results of the two methods are close enough to each other confirming the analytical calculations.
conclusion
In this paper, the effects of the input frequency and the secondary sheet thickness on the normal force and output thrust of the SLIM are investigated. Analytical equations for these forces are derived considering the longitudinal end effect, iron saturation, transverse edge effect, and skin effect. The results show that increasing the frequency in constant input voltage, decreases the forces acting on the secondary of the motor. Also, by increasing the secondary sheet thickness, the output thrust increases in the low values of the secondary sheet thickness while in high values of the latter, it decreases. A designed SLIM is simulated using 2-D finite element method to validate the analytical analysis. The FEM results, in which all phenomena are taken into account, are in good agreement with the analytical results. This confirms the validity of the proposed analytical equations and analysis.
